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A vector is an object that has both a magnitude and a direction. Geometrically, we can picture a vector as a directed line segment, whose length is the magnitude of the vector and with an arrow indicating the direction. The direction of the vector is from its tail to its head. Two vectors are the same if they have the same magnitude and direction. This
means that if we take a vector and translate it to a new position (without rotating it), then the vector we obtain at the end of this process is the same vector we had in the beginning. Two examples of vectors are those that represent force and velocity. Both force and velocity are in a particular direction. The magnitude of the vector would indicate the
strength of the force or the speed associated with the velocity. We denote vectors using boldface as in $\vc{a}$ or $\vc{b}$. Especially when writing by hand where one cannot easily write in boldface, people will sometimes denote vectors using arrows as in $\vec{a}$ or $\vec{b}$, or they use other markings. We won't need to use arrows here. We
denote the magnitude of the vector $\vc{a}$ by $\|\vc{a}\|$. When we want to refer to a number and stress that it is not a vector, we can call the number a scalar. We will denote scalars with italics, as in $a$ or $b$. You can explore the concept of the magnitude and direction of a vector using the below applet. Note that moving the vector around
doesn't change the vector, as the position of the vector doesn't affect the magnitude or the direction. But if you stretch or turn the vector by moving just its head or its tail, the magnitude or direction will change. (This applet also shows the coordinates of the vector, which you can read about in another page.) The magnitude and direction of a vector.
The blue arrow represents a vector $\vc{a}$. The two defining properties of a vector, magnitude and direction, are illustrated by a red bar and a green arrow, respectively. The length of the red bar is the magnitude $\|\vc{a}\|$ of the vector $\vc{a}$. The green arrow always has length one, but its direction is the direction of the vector $\vc{a}$. The
one exception is when $\vc{a}$ is the zero vector (the only vector with zero magnitude), for which the direction is not defined. You can change either end of $\vc{a}$ by dragging it with your mouse. You can also move $\vc{a}$ by dragging the middle of the vector; however, changing the position of the $\vc{a}$ in this way does not change the
vector, as its magnitude and direction remain unchanged. More information about applet. There is one important exception to vectors having a direction. The zero vector, denoted by a boldface $\vc{0}$, is the vector of zero length. Since it has no length, it is not pointing in any particular direction. There is only one vector of zero length, so we can
speak of the zero vector. Operations on vectors We can define a number of operations on vectors geometrically without reference to any coordinate system. Here we define addition, subtraction, and multiplication by a scalar. On separate pages, we discuss two different ways to multiply two vectors together: the dot product and the cross product.
Addition of vectors Given two vectors $\vc{a}$ and $\vc{b}$, we form their sum $\vc{a}+\vc{b}$, as follows. We translate the vector $\vc{b}$ until its tail coincides with the head of $\vc{a}$. (Recall such translation does not change a vector.) Then, the directed line segment from the tail of $\vc{a}$ to the head of $\vc{b}$ is the vector
$\vc{a}+\vc{b}$. The vector addition is the way forces and velocities combine. For example, if a car is travelling due north at 20 miles per hour and a child in the back seat behind the driver throws an object at 20 miles per hour toward his sibling who is sitting due east of him, then the velocity of the object (relative to the ground!) will be in a northeasterly direction. The velocity vectors form a right triangle, where the total velocity is the hypotenuse. Therefore, the total speed of the object (i.e., the magnitude of the velocity vector) is $\sqrt{20^2+20^2}=20\sqrt{2}$ miles per hour relative to the ground. Addition of vectors satisfies two important properties. The commutative law, which states
the order of addition doesn't matter: $$\vc{a}+\vc{b}=\vc{b}+\vc{a}.$$ This law is also called the parallelogram law, as illustrated in the below image. Two of the edges of the parallelogram define $\vc{a}+\vc{b}$, and the other pair of edges define $\vc{b}+\vc{a}$. But, both sums are equal to the same diagonal of the parallelogram. The
associative law, which states that the sum of three vectors does not depend on which pair of vectors is added first: $$(\vc{a}+\vc{b})+\vc{c} = \vc{a} + (\vc{b}+\vc{c}).$$ You can explore the properties of vector addition with the following applet. (This applet also shows the coordinates of the vectors, which you can read about in another page.)
The sum of two vectors. The sum $\vc{a}+\vc{b}$ of the vector $\vc{a}$ (blue arrow) and the vector $\vc{b}$ (red arrow) is shown by the green arrow. As vectors are independent of their starting position, both blue arrows represent the same vector $\vc{a}$ and both red arrows represent the same vector $\vc{b}$. The sum $\vc{a}+\vc{b}$ can
be formed by placing the tail of the vector $\vc{b}$ at the head of the vector $\vc{a}$. Equivalently, it can be formed by placing the tail of the vector $\vc{a}$ at the head of the vector $\vc{b}$. Both constructions together form a parallelogram, with the sum $\vc{a}+\vc{b}$ being a diagonal. (For this reason, the commutative law
$\vc{a}+\vc{b}=\vc{b}+\vc{a}$ is sometimes called the parallelogram law.) You can change $\vc{a}$ and $\vc{b}$ by dragging the yellow points.More information about applet. Vector subtraction Before we define subtraction, we define the vector $-\vc{a}$, which is the opposite of $\vc{a}$. The vector $-\vc{a}$ is the vector with the same
magnitude as $\vc{a}$ but that is pointed in the opposite direction. We define subtraction as addition with the opposite of a vector: $$\vc{b}-\vc{a} = \vc{b} + (-\vc{a}).$$ This is equivalent to turning vector $\vc{a}$ around in the applying the above rules for addition. Can you see how the vector $\vc{x}$ in the below figure is equal to $\vc{b}\vc{a}$? Notice how this is the same as stating that $\vc{a}+\vc{x}=\vc{b}$, just like with subtraction of scalar numbers. Scalar multiplication Given a vector $\vc{a}$ and a real number (scalar) $\lambda$, we can form the vector $\lambda\vc{a}$ as follows. If $\lambda$ is positive, then $\lambda\vc{a}$ is the vector whose direction is the same as
the direction of $\vc{a}$ and whose length is $\lambda$ times the length of $\vc{a}$. In this case, multiplication by $\lambda$ simply stretches (if $\lambda>1$) or compresses (if $0 < \lambda If, on the other hand, $\lambda$ is negative, then we have to take the opposite of $\vc{a}$ before stretching or compressing it. In other words, the vector
$\lambda\vc{a}$ points in the opposite direction of $\vc{a}$, and the length of $\lambda\vc{a}$ is $|\lambda|$ times the length of $\vc{a}$. No matter the sign of $\lambda$, we observe that the magnitude of $\lambda\vc{a}$ is $|\lambda|$ times the magnitude of $\vc{a}$: $\| \lambda \vc{a}\| = |\lambda| \|\vc{a}\|$. Scalar multiplications satisfies
many of the same properties as the usual multiplication. $s(\vc{a}+\vc{b}) = s\vc{a} + s\vc{b}$ (distributive law, form 1) $(s+t)\vc{a} = s\vc{a}+t\vc{a}$ (distributive law, form 2) $1\vc{a} = \vc{a}$ $(-1)\vc{a} = -\vc{a}$ $0\vc{a} = \vc{0}$ In the last formula, the zero on the left is the number 0, while the zero on the right is the vector
$\vc{0}$, which is the unique vector whose length is zero. If $\vc{a} = \lambda\vc{b}$ for some scalar $\lambda$, then we say that the vectors $\vc{a}$ and $\vc{b}$ are parallel. If $\lambda$ is negative, some people say that $\vc{a}$ and $\vc{b}$ are anti-parallel, but we will not use that language. We were able to describe vectors, vector
addition, vector subtraction, and scalar multiplication without reference to any coordinate system. The advantage of such purely geometric reasoning is that our results hold generally, independent of any coordinate system in which the vectors live. However, sometimes it is useful to express vectors in terms of coordinates, as discussed in a page about
vectors in the standard Cartesian coordinate systems in the plane and in three-dimensional space. Last Updated on October 17, 2021 Vectors are a foundational element of linear algebra. Vectors are used throughout the field of machine learning in the description of algorithms and processes such as the target variable (y) when training an algorithm.
In this tutorial, you will discover linear algebra vectors for machine learning. After completing this tutorial, you will know: What a vector is and how to define one in Python with NumPy. How to perform vector arithmetic such as addition, subtraction, multiplication and division. How to perform additional operations such as dot product and
multiplication with a scalar. Kick-start your project with my new book Linear Algebra for Machine Learning, including step-by-step tutorials and the Python source code files for all examples. Let’s get started. A Gentle Introduction to Vectors for Machine LearningPhoto by Lachlan Donald, some rights reserved. Tutorial Overview This tutorial is
divided into 5 parts; they are: What is a Vector? Defining a Vector Vector Arithmetic Vector Dot Product Vector-Scalar Multiplication Take my free 7-day email crash course now (with sample code). Click to sign-up and also get a free PDF Ebook version of the course. Download Your FREE Mini-Course What is a Vector? A vector is a tuple of one or
more values called scalars. Vectors are built from components, which are ordinary numbers. You can think of a vector as a list of numbers, and vector algebra as operations performed on the numbers in the list. — Page 69, No Bullshit Guide To Linear Algebra, 2017 Vectors are often represented using a lowercase character such as “v”; for example:
Where v1, v2, v3 are scalar values, often real values. Vectors are also shown using a vertical representation or a column; for example: It is common to represent the target variable as a vector with the lowercase “y” when describing the training of a machine learning algorithm. It is common to introduce vectors using a geometric analogy, where a
vector represents a point or coordinate in an n-dimensional space, where n is the number of dimensions, such as 2. The vector can also be thought of as a line from the origin of the vector space with a direction and a magnitude. These analogies are good as a starting point, but should not be held too tightly as we often consider very high dimensional
vectors in machine learning. I find the vector-as-coordinate the most compelling analogy in machine learning. Now that we know what a vector is, let’s look at how to define a vector in Python. Defining a Vector We can represent a vector in Python as a NumPy array. A NumPy array can be created from a list of numbers. For example, below we define
a vector with the length of 3 and the integer values 1, 2 and 3. # create a vector from numpy import array v = array([1, 2, 3]) print(v) The example defines a vector with 3 elements. Running the example prints the defined vector. Vector Arithmetic In this section will demonstrate simple vector-vector arithmetic, where all operations are performed
element-wise between two vectors of equal length to result in a new vector with the same length Vector Addition Two vectors of equal length can be added together to create a new third vector. The new vector has the same length as the other two vectors. Each element of the new vector is calculated as the addition of the elements of the other
vectors at the same index; for example: a + b = (a1 + b1, a2 + b2, a3 + b3) a + b = (a1 + b1, a2 + b2, a3 + b3) Or, put another way: c[0] = a[0] + b[0] c[1] = a[1] + b[1] c[2] = a[2] + b[2] We can add vectors directly in Python by adding NumPy arrays. # add vectors from numpy import array a = array([1, 2, 3]) print(a) b = array([1, 2, 3]) print(b) c =
a + b print(c) The example defines two vectors with three elements each, then adds them together. Running the example first prints the two parent vectors then prints a new vector that is the addition of the two vectors. Vector Subtraction One vector can be subtracted from another vector of equal length to create a new third vector. As with addition,
the new vector has the same length as the parent vectors and each element of the new vector is calculated as the subtraction of the elements at the same indices. a - b = (a1 - b1, a2 - b2, a3 - b3) a - b = (a1 - b1, a2 - b2, a3 - b3) Or, put another way: c[0] = a[0] - b[0] c[1] = a[1] - b[1] c[2] = a[2] - b[2] The NumPy arrays can be directly subtracted in
Python. # subtract vectors from numpy import array a = array([1, 2, 3]) print(a) b = array([0.5, 0.5, 0.5]) print(b) c = a - b print(c) b = array([0.5, 0.5, 0.5]) The example defines two vectors with three elements each, then subtracts the first from the second. Running the example first prints the two parent vectors then prints the new vector that is the
first minus the second. [1 2 3] [ 0.5 0.5 0.5] [ 0.5 1.5 2.5] Vector Multiplication Two vectors of equal length can be multiplied together. As with addition and subtraction, this operation is performed element-wise to result in a new vector of the same length. a * b = (a1 * b1, a2 * b2, a3 * b3) a * b = (a1 * b1, a2 * b2, a3 * b3) or Or, put another way: c[0]
= a[0] * b[0] c[1] = a[1] * b[1] c[2] = a[2] * b[2] We can perform this operation directly in NumPy. # multiply vectors from numpy import array a = array([1, 2, 3]) print(a) b = array([1, 2, 3]) print(b) c = a * b print(c) The example defines two vectors with three elements each, then multiplies the vectors together. Running the example first prints the
two parent vectors, then the new vector is printed. Vector Division Two vectors of equal length can be divided. As with other arithmetic operations, this operation is performed element-wise to result in a new vector of the same length. a / b = (a1 / b1, a2 / b2, a3 / b3) a / b = (a1 / b1, a2 / b2, a3 / b3) or a / b = (a1b1, a2b2, a3b3) a / b = (a1b1, a2b2,
a3b3) Or, put another way: c[0] = a[0] / b[0] c[1] = a[1] / b[1] c[2] = a[2] / b[2] We can perform this operation directly in NumPy. # divide vectors from numpy import array a = array([1, 2, 3]) print(a) b = array([1, 2, 3]) print(b) c = a / b print(c) The example defines two vectors with three elements each, then divides the first by the second. Running
the example first prints the two parent vectors, followed by the result of the vector division. [1 2 3] [1 2 3] [ 1. 1. 1.] Vector Dot Product We can calculate the sum of the multiplied elements of two vectors of the same length to give a scalar. This is called the dot product, named because of the dot operator used when describing the operation. The dot
product is the key tool for calculating vector projections, vector decompositions, and determining orthogonality. The name dot product comes from the symbol used to denote it. — Page 110, No Bullshit Guide To Linear Algebra, 2017 The operation can be used in machine learning to calculate the weighted sum of a vector. The dot product is
calculated as follows: a . b = (a1 * b1 + a2 * b2 + a3 * b3) a . b = (a1 * b1 + a2 * b2 + a3 * b3) or a . b = (a1b1 + a2b2 + a3b3) a . b = (a1b1 + a2b2 + a3b3) We can calculate the dot product between two vectors in Python using the dot() function on a NumPy array. It can also be calculated using the newer @ operator, since Python version 3.5. The
example below demonstrates both methods. # dot product vectors from numpy import array a = array([1, 2, 3]) print(a) b = array([1, 2, 3]) print(b) c = a.dot(b) print(c) d = a @ b print(d) The example defines two vectors with three elements each, then calculates the dot product. Running the example first prints the two parent vectors, then the scalar
dot product. Vector-Scalar Multiplication A vector can be multiplied by a scalar, in effect scaling the magnitude of the vector. To keep notation simple, we will use lowercase “s” to represent the scalar value. or The multiplication is performed on each element of the vector to result in a new scaled vector of the same length. s * v = (s * v1, s * v2, s * v3)
s * v = (s * v1, s * v2, s * v3) Or, put another way: c[0] = a[0] * s c[1] = a[1] * s c[2] = a[2] * s We can perform this operation directly with the NumPy array. # vector-scalar multiplication from numpy import array a = array([1, 2, 3]) print(a) s = 0.5 print(s) c = s * a print(c) # vector-scalar multiplication The example first defines the vector and the
scalar then multiplies the vector by the scalar. Running the example first prints the parent vector, then scalar, and then the result of multiplying the two together. [1 2 3] 0.5 [ 0.5 1. 1.5] Similarly, vector-scalar addition, subtraction, and division can be performed in the same way. Extensions This section lists some ideas for extending the tutorial that
you may wish to explore. Create 5 examples using each operation using your own data. Implement each vector operation manually for vectors defined as lists. Search machine learning papers and find 1 example of each operation being used. If you explore any of these extensions, I’d love to know. Further Reading This section provides more resources
on the topic if you are looking to go deeper. Books API numpy.array() API numpy.dot() API Articles Vector space on Wikipedia Dot product on Wikipedia Summary In this tutorial, you discovered linear algebra vectors for machine learning. Specifically, you learned: What a vector is and how to define one in Python with NumPy. How to perform vector
arithmetic such as addition, subtraction, multiplication and division. How to perform additional operations such as dot product and multiplication with a scalar. Do you have any questions? Ask your questions in the comments below and I will do my best to answer. ...by writing lines of code in python Discover how in my new Ebook: Linear Algebra for
Machine Learning It provides self-study tutorials on topics like: Vector Norms, Matrix Multiplication, Tensors, Eigendecomposition, SVD, PCA and much more... Finally Understand the Mathematics of Data Skip the Academics. Just Results. See What's Inside Jason Brownlee, PhD is a machine learning specialist who teaches developers how to get
results with modern machine learning methods via hands-on tutorials.
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